In this paper, we prove that every sufficiently large positive integer satisfying some necessary congruence conditions can be represented by the sum of a fourth power of integer and twelve fourth powers of prime numbers. r
large integers n 14 ðmod 240Þ; the equation
is solvable in primes p j : On the other hand, concerning the corresponding Waring's problem, Thanigasalam [11] has proved that
is solvable for every sufficiently large integer n with n rðmod 16Þ where 1prp13: Here m j are positive integers. The number of variables 13 has been reduced to 12 by Vaughan [13] . Kawada and Wooley [6] can further reduce 12 to 11 except for r 11ðmod 16Þ: In this paper, we consider the expression
where m is a natural number and p j are primes. Our result is the following.
Theorem 1. Eq. (1.1) is solvable for all sufficiently large integers n subject to n aðmod 240Þ for any aAA; ð1:2Þ where A ¼ f12; 13; 28; 93; 108; 157; 172; 237g:
Notation. As usual, jðnÞ and LðnÞ stand for the function of Euler and von Mangoldt, respectively, and dðnÞ is the divisor function. We use w mod q and w 0 mod q to denote a Dirichlet character and the principal character modulo q; and Lðs; wÞ is the Dirichlet L-function. In our context, the letter N stands for a large positive integer, and L ¼ log N: The symbol rBR means Rorp2R: The letters e and A denote positive constants which are arbitrarily small and arbitrarily large, respectively. We use c j to denote an absolute positive constant. The letter c denotes an unspecified positive constant which is not necessarily the same at each occurrence.
Outline of the method
Following [7] , we introduce some notations. Let l 0 ¼ 13 16 and
In order to apply the circle method, we set which is the number of weighted representations of (1.1). Then we have
To handle the integral on the major arcs, we need the following. The following sections will be devoted to the proof of Theorem 2.
An explicit expression
In this section, we will establish in Lemma 3.1 an explicit expression for the lefthand side of (2.9). For w mod q; we define 
À1=qQ
DðlÞTðlÞeðÀnlÞ dl: ð3:8Þ
where, by (2.13) and (2.1)-(2.5), the above O-term is
Therefore we have proved the following.
In the following sections, we will prove that I produces the main term, while J contributes to the error term.
Estimation of I
Let Cðq; aÞ and S Ã ðq; aÞ be defined by (3.1) and (3.5), respectively. We define To prove the first inequality in (2.10), we first note that Aðn; qÞ is multiplicative with respect to q: We next prove that
Actually, when ða; pÞ ¼ 1 and iX2; we have
ð4:5Þ
ARTICLE IN PRESS
When pX3; the inner sum is 0; and hence Aðn; p i Þ ¼ 0: When p ¼ 2 and iX5; it follows from (4.5) that .7). Then for all nA½N=2; N subject to (1.2), we have
where IðnÞ is defined by (4.10) and satisfies (2.11).
Proof. By definition we have Putting this in (4.9) and then making use of (4.3) and (4.2), we get
subject to the validity of (2.11). Now it remains to check (2.11) of which the second inequality is an immediate derivation of (4.12). To prove the first inequality, we apply Fourier's integral formula to get
where u ¼ n À u 1 À ? À u 12 ; and D is the set of all vectors ðu 1 ; u 2 ; y; u 12 Þ subject to To prove Lemma 5.1, we need the following lemma whose proof will be given in the next section.
Lemma 5.2. Let W X1; RX1 and 1oqpW d with dX1: Then for kX1 and lAR subject to jljW k pR; we have where Hðl; U i Þ represents any one of the following three expressions:
jFðl; U i Þj; X w mod q jCðw; l; U i Þj; q 1=2 L 2 :
Using the well-known bound S Ã ðq; aÞ5q 3=4þe in (3.5), we also see that jTðlÞj5q À1=4þe jFðl; UÞj: 
where l i are defined by (2.1) and (2.2). Here m i are so chosen that for 1oqpP; 
Hðl; U 2 Þ; ð5:6Þ
where Hðl; U 2 Þ ¼ P w mod q jCðw; l; U 2 Þj or q 1=2 L 2 ; by assumption. The desired assertion is obvious if Hðl; U 2 Þ ¼ q 1=2 L 2 : Otherwise we recall the explicit formula [1, Section 17, (9)-(10); Section 19, (4)-(9)]:
where 2oTpx is a parameter and r ¼ b þ ig is a typical nontrivial zero of the Dirichlet L-function Lðs; wÞ: Let T ¼ PL B : Then by integrating by parts,
Thus we get
By Satz VIII.6.2 of Prachar [10] and Siegel's theorem [1, Section 21], there exists a positive constant c 5 such that for qpL B ; Q w mod q Lðs; wÞ is zero-free in the region sX1 À c 5 =maxflog q; log 4=5 xg; jtjpx:
Let ZðNÞ ¼ c 5 log À4=5 N: By integrating by parts, and then making use of the following well-known zero-density estimates (see for example [4, (1.1); 5, Theorem 1]) X w mod q Nðs; T; wÞ5ðqTÞ ð12=5þeÞð1ÀsÞ ; 1=2psp1;
we have for qpL B ;
This together with (5.6) prove
With this, Lemma 5.1 follows from (5.2) and (5.5 To prove Lemma 6.1, we quote the following two well-known results (see for example [9, Theorems 2.5 and 3.17]). Proof. Without loss of generality, we may suppose that i ¼ 1 and j ¼ 2: Using Perron's summation formula [12, Lemma 3.12] and then shifting the path of integration to the left, we get for waw 0
where T 0 ¼ M dþg : One notes that the function
has a removable singularity at w ¼ 0: Thus, on the above vertical segment from ÀiT 0 to iT 0 ; we have
On using the well-known bounds (see for example [8, pp. we see that the contribution from the two horizontal segments is
since qpM d pT 0 : Therefore we get
and by Ho¨lder's inequality,
Then the first term in (6.5) splits into two quantities, which we denote by S 1 and S 2 ; respectively. By Lemma 6.3, we have
À3T jL 0 ð1=2 þ iw; wÞj 4 dw5qTL 13 :
As regards S 2 ; let v ¼ w À t: Note that 2Tpjw À tjpT 0 and jtjpT imply jw À tjXjwj=2 and Tpjwjp2T 0 : Therefore where jbðmÞjpd 8 ðmÞ: Thus by Lemma 6.2,
then by Ho¨lder's inequality and (6.6)-(6.8), we get where a i ðmÞ are given by (6.2), and M j are positive integers satisfying (6.1) with M ¼ W : Here M denotes the vector ðM 1 ; M 2 ; y; M 10 Þ: We notice that for j ¼ 1; 2; y; 10; the function f j ðs; wÞ in (6.3) is a finite sum and has no poles for sX1=2: So by applying Perron's summation formula and then shifting the contour to the left, the above Sðu; MÞ becomes 1 2pi Z 
